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Abstract In a thin ﬁlm-substrate system in-plane compressive stress is commonly
generated in the ﬁlm due to thermal mismatch in operation or fabrication process.
If the stress exceeds a critical value, part of the ﬁlm may buckle out of plane
along the defective interface. After buckling delamination, the interface crack at
the ends may propagate. In the whole process, the compliance of the substrate
compared with the ﬁlm plays an important role. In this work, we study a circular
ﬁlm subject to compressive stress on an inﬁnitely thick substrate. We study the
effects of compliance of the substrate by modeling the system as a plate on an
elastic foundation. The critical buckling condition is formulated. The asymptotic
solutions of post-buckling deformation and the corresponding energy release rate
of the interface crack are obtained with perturbation methods. The results show
that the more compliant the substrate is, the easier for the ﬁlm to buckle and easier
for the interface crack to propagate after buckling.
c© 2014 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1404103]
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The thin ﬁlm-substrate system is widely used in various applications, such as thermal bar-
rier coatings and micro-electronics.1–4 In operation or fabrication process, in-plane compressive
stress is commonly generated in the ﬁlm due to thermal mismatch. Compressed layer is suscepti-
ble to delamination induced by buckling, which is considered as one of the most important failure
modes in thin ﬁlm-substrate system.5–9 Solutions for the energy release rate and the mixed inten-
sity factors of the buckling induced delamination have been intensively studied.10 If the substrate
is compliant, the critical buckling load and the energy release rate of the interface crack can be
signiﬁcantly affected.11 Yu and Hutchinson12 analyzed the effects of compliance of substrate by
introducing so-called compliance coefﬁcients. This method needs complicated numerical calcu-
lations and the coefﬁcients are difﬁcult to obtain in a real thin ﬁlm-substrate system. In this work
we study the effects of compliance of the substrate by modeling the system as a plate on an elas-
tic foundation. We use perturbation method to obtain the asymptotic solutions of post-buckling
deformation and calculate the mode-adjusted energy release rate of the interface crack onset of
buckling. This approach is semi-analytical and the parameters are practically measurable, which
can be an effective tool of analyzing ﬁlm-substrate system.
We model the buckling delamination of the thin ﬁlm as the buckling of a thin plate on an
a)Corresponding author. Email: wangtj@mail.xjtu.edu.cn.
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elastic foundation. To focus on the effects of the compliance of the substrate we study a simple
conﬁguration, a circular plate on an inﬁnitely thick foundation, as shown in Fig. 1. We use the
linear Wrinkler foundation model
F = Kw, (1)
where w is the deﬂection, K the stiffness of the foundation, and F the effective reaction force.
K is related to the Young’s modulus of the substrate Es by the formula13
K = Es/H, (2)
where H is the thickness of the substrate. The thickness of the plate t is small compared to the
thickness of the substrate t  H.
The govening equations of post-buckling of a thin plate on a linear Wrinkler foundation are14
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where u is the in-plane displacement, ν the Poisson’s ratio, R the radius of the plate, D the bending
stiffness of the plate, P the in-plane load. The deformation is assumed to be axisymmetric. A
material point at location r in deformed state is fully described by deﬂection w(r) and in-plane
displacement u(r). We normalize the quantities as the following: radius of a material point x =
r/R, deﬂection w¯ = w/t, in-plane displacement u¯ = uR/t2, in-plane load P¯ = PR2/D, foundation
stiffness K¯ = KR4/D. The normalized governing equations are
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If the in-plane stress exceeds a critical value, part of the ﬁlm may buckle out of plane along the
defective interface. After buckling delamination, the interface crack at the ends may propagate.
The strain energy release rate is given in Ref. 10 as
G=
[
6
(
1−ν2)/(Ef t3)](M2+ t2ΔN2/12) , (7)
where Ef is the Young’s modulus of the ﬁlm, M is the bending moment at the delamination
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edge, ΔN is the change of the in-plane force. The normalized form of these quantities are
M¯ = MR2/(Dt), ΔN¯ = ΔNR2/D, G¯ = M¯2 +ΔN¯2/12. The crack is in a mixed mode of Mode
I and Mode II. Deﬁne phase angle of mixture ψ . In this conﬁguration the phase angle of mixture
can be calculated as
tanψ =
√
12M cosω+ tΔN sinω
−√12M sinω+ tΔN cosω , (8)
where ω = ω(φ ,ϕ) is the phase factor, φ and ϕ are Dundur’s elastic mismatch parameters. In
the calculation, we set Poisson’s ratio νﬁlm = νsubstrate = 1/3. As the stiffness of the foundation
K varies, the Dundur’s parameters can be calculated from Eq. (2). Then the value of ω can
be determined from the diagram in Ref. 10. In the calculation we set the geometric parameter
R4/
(
Ht3
)
= 10. Considering the effects of mode mixture, the strain energy release rate is adjusted
as
G¯ψ = G¯/ f (ψ), (9)
where the function f (ψ) can be experimentally ﬁtted.10 One of the common forms of f (ψ) is
f (ψ) = 1+(1−λ ) tan2ψ, (10)
where λ is the ﬁtting parameter. In the calculation we set λ = 0.3.
The perturbation method is commonly used to solve the large deﬂection of a plate.15 We
expand the displacement and load as
w¯(x) = sw1 (x)+ s2w2 (x)+ s3w3 (x)+ ..., (11)
u¯(x) = su1 (x)+ s2u2 (x)+ s3u3 (x)+ ..., (12)
P¯= Pc+ sP(1) + s2P(2)/2+ ..., (13)
where s is the perturbation parameter.
Inserting Eqs. (11)–(13) into Eqs. (5) and (6) we obtain the decoupled equations of coefﬁcients
in the order of s, s2, s3. The out-of-plane equations are
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The in-plane equations are
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The edge is clamped. The boundary conditions are
u|x=0 = 0,
dw
dx
∣∣∣∣
x=0
= 0,
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x=0
= 0, (20)
u|x=1 = 0, w|x=1 = 0,
dw
dx
∣∣∣∣
x=1
= 0 . (21)
We use the central deﬂection w0/t as the perturbation parameter. We have additional conditions
w1(0) = 1, wj(0) = 0( j = 1). Inspecting Eqs. (14)–(19) together with boundary conditions (20)
and (21), we can easily obtain solutions u1 = 0, w2 = 0, and P(1) = 0. Therefore, only Eqs. (14),
(16), (18) need to be solved. The general solution of Eq. (14) is
w1 (x) =C1J0 (αx)+C2J0 (βx) , (22)
where α = [(Pc−
√
P2c −4K¯)/2]1/2, β = [(Pc+
√
P2c −4K¯)/2]1/2.
Inserting boundary conditions into Eq. (22) we obtain
C1J0 (α)+(1−C1)J0 (β ) = 0, (23)
αC1J1 (α)+β (1−C1)J1 (β ) = 0. (24)
Once the foundation stiffness K¯ is given, we can obtain Pc and C1 by solving Eqs. (23)
and (24). Subsequently we use Eq. (18) to solve u2. A simple way to obtain u2 is expanding
Bessel function into Taylor series. Once w1 and u2 are known, we use Eq. (16) to solve P(2). We
multiply w1 (x)x on both sides of Eq. (16) and integrate from 0 to 1. Using the feature of Bessel
function, the solving process can be simpliﬁed. Similar process can be iterated to obtain more
accurate solution by expanding displacement ﬁelds to higher order terms and solving higher order
equations. Once the displacement ﬁelds are known, the bending moment at the edge, the change
of in-plane force, and the energy release rate can be obtained.
The critical buckling load Pc at different value of foundation stiffness K¯ is plotted in Fig. 2. It
can be seen that as the foundation becomes stiffer, the critical buckling load increases. Using the
normalization in this work, the relation between Pc and K¯ is approximately linear. This result is
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Fig. 1. Schematics of a circular plate on an
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Fig. 2. Critical buckling load with different
foundation stiffness.
consistent with Ref. 16, where different normalized quantities are used to plot.
The post-buckling path of central deﬂection is plotted in Fig. 3. The horizontal axis P/Pc is
the in-plane stress over the critical buckling stress. Note that, the critical buckling stress Pc is
different as the foundation stiffness varies. But for the aid of comparison, we plot them into the
same ﬁgure. The curve with K¯ = 0 reduces to classical post-buckling path of a thin circular plate
without foundation. As expected, the stiffer foundation lowers the central deﬂection.
The mode-adjusted energy release rate Gψ given by Eqs. (7)–(10) is plotted in Fig. 4. The
displacement ﬁelds solved with perturbation method are relatively accurate, while the bending
moment and in-plane force are less accurate especially when the post-buckling stress is high.
Therefore, in Fig. 4 we plot the post-buckling stress up to P/Pc = 3.5. All the four curves are
N-shaped if we expand the horizontal axis larger than 3.5. Only ascending branches can be seen
for small value of K¯. It can be seen that the more compliant the substrate is, the easier for the
interface crack to propagate after buckling.
In the thin ﬁlm-substrate system, compressive stress in the ﬁlm may induce buckling delam-
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Fig. 3. Post-buckling path with different foun-
dation stiffness.
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Fig. 4. Mode-adjusted energy release rate of in-
terface crack with different foundation stiffness.
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ination. We study the effects of compliance of the substrate by modeling the system as a plate
on an elastic foundation. We use perturbation method to obtain the asymptotic solutions of post-
buckling deformation and calculate the mode-adjusted energy release rate of the interface crack
onset of buckling. The results show that the more compliant the substrate is, the easier for the
ﬁlm to buckle and easier for the interface crack to propagate after buckling. This semi-analytical
approach can be an effective tool of analyzing other problems in the ﬁlm-substrate system.
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